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Abstract. This paper gives a recursion operator for a 1-constrained CKP 
hierarchy, and by the recursion operator it proves that the 1-constrained 
CKP hierarchy can be reduced to the mKdV hierarchy under condition 
q = r. 
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1. Introduction 

It is well known that conserved quantities are closely related to symmetries 
of equations, and possessing infinite number of conserved quantities or sym- 
metries is a common property of the classical integrable systems. There are 
many results on finding concrete forms of them (HOE]. Recursion operator 
is one kind of effective tools to generate symmetries of the classical integrable 
systemsjH |5]. On the other hand, recursion operator is also used to estabhsh 
the Hamiltonian structure of the classical systems [H O [7] ) and integrable flows 
of curves [S] . So it is vital to construct the recursion operator for the classical 
systems. In the papers [3 HDl [H], several different methods are used to 
construct recursion operators. Furthermore, it is highly non-trivial to reduce 
some results from constrained KP (cKP) to constrained BKP (cBKP) and 
constrained CKP (cCKP) hierarchies which can be seen from bilinear forms 
[T2| [T3t [H] and gauge transformations [15] . In the paper [10] , the recursion 
operator for a 1-constrained cBKP hierarchy has been given. So the purpose 
of this paper is to give the recursion operator of a cCKP hierarchy and to show 
the relation between cCKP hierarchy and mKdV hierarchy. 

The organization of this paper is as follows. We recall some basic facts for the 
KP hierarchy and a constrained CKP hierarchy in section 2. In section 3, the 
recursion operator for the cCKP hierarchy is discussed and used to generate the 
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ts flows and flows, which are consistent with results given by eigenfunction 
equations of this sub-hierarchy. Meanwhile we will show that the flows 
and ^5 flows are the 2-component generalization of niKdV equation and 5th 
order niKdV equation. Section 4 is devoted to conclusions and discussions in 
which we will describe the reducing relations of cKP hierarchy, cBKP hierarchy, 
cCKP hierarchy, KdV hierarchy and mKdV hierarchy. 



2. The constrained CKP hierarchy 

Since its introduction in 1980s, the KP hierarchy [121 HT] is one of the 
most important research topics in the area of classical integrable systems. 
The KP hierarchy is constructed by the pseudo-differential operator L = 
d + U2d~^ + U'id~'^ + .... like this: 



Lt^ = [Bn,L], 

where Bn = {L^)+. The t2 (denoted by y) flows and t3(denoted by t) flows 
imply the KP equation 

(4ut - u^^^ - 12uu^)^ - 3uyy = (2.1) 

where u = U2- The eigenfunction q and conjugate eigenfunction r of KP 
hierarchy are defined by 

qt^=B^q, n^ = -Blr. (2.2) 

It is well known that there are two kinds of sub-hierarchies of KP hierar- 
chy, i.e. BKP hierarchy [16] and CKP hierarchy [18]. In order to define the 
CKP hierarchy, we need a formal adjoint operation * for an arbitrary pseudo- 
differential operator P = 'Y^Pid'^., P* = ^( — l)*(9*pj. For example, d* = —d, 

i i 

{d~^)* = —d~^, and {AB)* = B*A* for two operators. The CKP hierarchy is 
a reduction of the KP hierarchy by the constraint 

L* = -L, (2.3) 

which compresses all even flows of the KP hierarchy, i.e. the Lax equation of 
the CKP hierarchy has only odd flows, 

dL 

[52„+i,L], n = 0,1,2,..., (2.4) 



dt2n+l 

which indicates Ui = Ui{ti,t^,t^, ...) for the CKP hierarchy. This hierarchy 
contains the (2 + 1) dimensional CKP equation: 

45 



9t;a;,t5 - 5vt3t3 + {vxxxxx + l5vxVxxx + ^5v^- 5vxx,t3 - 1 5f t3 + -r^; 
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where v = f U2. Let Vt^ = 0, eq.f l2.5p becomes a well-known equation called 
Kaup-Kupershmidt equation [IS], [20] 

9ut^ + {uxxxx + I5uuxx + 15m^ + ^ul)x = 0, (2.6) 
where u = U2. 

Moreover, the so called "constrained KP hierarchy" (cKP) [9l EH |22]) is a 
very interesting sub-hierarchy developed from the point of view of symmetry 
constraint, and the Lax operator for 1-constrained KP is given by 

n 

L = ^ + Y,1^^-\, (2.7) 

i=l 

here (r^) is the eigenfunction(conjugation eigenfunction) of L in eq. fl2.7p . By 
considering CKP condition on the constrained KP hierarchy, i.e. L* = —L, 
the constrained CKP hierarchy (cCKP) can be defined through a following 
Lax operator [23] 

n 

L = ^ + Y,i<l^^~'ri + ri^-\,). (2.8) 

i=l 

In the following context, we take n = 1 for simplicity, i.e., 

/: = d + qd-^r + rd~^q. (2.9) 

Note that q and r satisfy the eigenfunction eqs. fl2.2p associated with £, in 
eq.dMl). 

As we know, the evolutions of CKP hierarchy with respect to t2,t4,tQ,... 
are freezed. They are also done to 1-constrained CKP hierarchy whose 
evolution equations are like this: 

= [B2n+u /:], n = 0, 1, 2, .... (2.10) 

In order to get the explicit form of the flow equations, we need -B2n+i, 

Bi = a, 

-B3 = d"^ + 6qrd + Srq^ + Sqr^, 

= + lOqrd^ + (15rg^ + 15gr^)9^ + (15gr^^ + I5rq^x + 40gV^ + 20q^r^)d 
+4:0qr'^qx + iOrq^Vx + 5qrxxx + 5rqxxx + lOqxTxx + lOvxqxx- 



After a direct computation from eigenfunction eqs.f l2.2p . we can get the first 
few flows of the cCKP hierarchy 

(2.11) 
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Qts = Qxxx + Qqrqx + 3gV^ 
rt3 = r^xx + 9grr^ + Sr^g^., 



(2.13) 



gts = Qxxxxx + I5qrqxxx + SOrq^qxx + ^bqrxqxx + ^dqqxVxx 
+80gV2g^. + 20qxrxqx + 40rgV^ + 5gV^^^ 

''"ts ^xxxxx 

+ 25rqxTxx ~\~ 25T'T'xqxx 
+80gW^ + 20ga;rxra; + AOqr^qx + 5r^qxxx- 
Let q = r, eq. fl2.12p implies mKdV equation 

gt3 = Ixxx + I'^q^qx- (2.14) 

A transformation q = leads it to the form of mKdV equation in ( |24] ) 

Uts = Uxxx + U^Ux- (2.15) 

Let q = r, eq.f l2.13p implies 5th order mKdV equation 

qt5 = Qxxxxx + '^^q^Qxxx + 80qqxqxx + 120g'^g^ + 20(g^)^. (2.16) 

A transformation q = ^^^t^ = t leads it to the standard 5th order mKdV 
equation in [21] 

Ut = Uxxxxx + T^U^Uxxx + ^MM^^xx + ^u\x + |(MxO^- (2-17) 
6 6 6 

Note that there exist other forms of mKdV equation and 5th order mKdV 
equation, for example |23l[25]. It is very difficult to observe recursion operator 
from equations on ^3 flows and ^5 flows above. We shall find it in next section 
from eigenfunction equations on q and r, and may use it to generate any higher 
order flows. To illustrate the validity of recursion operator, we shall use it to 
generate ^3 flows from trivial flows, i.e. ti flows, and further generate ^5 flows 
from ^3 flows. 

3. Recursion operator 

In this section, we will give the form of recursion operator R. Now, we define 
the following four operators: 

Rii = £^ + 3qr + C{r)d^^q + 2qxd'^^r — qd^^qrd^^r — rd^^qd — rd~^q^d^^r 

—2rd~^rqd^^q — rd^^q{ j rq) — qd^^q{ j r^), 
R12 = '^qxd^^q + — 2qd^^q^d^^r — qd~^qd — qd^^qrd^^q — rd^^q^d^^q 

—qd~^q{ j rq) — rd~^q{ J q^) + £,{q)d~^q, 
R21 = 2rxd~^r + 3r^ — 2rd^^r^d^^q — rd^^rd — rd^^qrd^^r — qd^^r'^d^^r 
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—rd J rq) — qd J r^) + C{r)d ^r, 
R22 = ^ 3gr + C{q)d~^r + 2rxd^^q — rd^^qrd^^q — qd^^rd — qd^^r'^d^^q 
—2qd^^qrd^^r — qd^^r( J rq) — rd^^r{ J q^). 

Theorem 3.1. The recursion relation of flows for the 1-cCKP hierarchy Ii2.10\) 
is like this: 



i\ _ ( Rii Ri2 \ ( q 



r I \ R21 R22 J \r 

tm + 2 ^ ' ^ ' in 



(3.1) 



Proof. Using the identities ([26]) below 

(BJd-'g)^ = B^{f)d-'g, (3.2) 
{fd-'gBr,)_ = fd-'B:ig), (3.3) 

fid-'gi ■ f2d-'g2 = /i( j gif2)d-'g2 - fid-'g2{ j f2gi), (3.4) 

we can calculate the as following: 

£2 = 52 ^ ^ g5-^£*(r) + rd-^C*{q) + C{q)d-^r + C{r)d-^q (3.5) 

with 

^il) = Qx + Q / rq + r / g^, C{r) = r^ + q / + r / gr, 



C*{q) = —qx — q J rq — r J g^, £^*ir) = —r^ — q J r^ — r J qr. 
Therefore, 

^2 = (9^ + Aqr. 

Denote An as {C"')-, n = 1,2, .... Considering CKP condition and eqs. fl2.2p . q 
and r should satisfy the same equation, i.e. 

Bm{q) = qtm, Brn{r) = rt^, (3.6) 

then 

qt^^, = {C^C^)+q = B2B:^q + (52^^)+? + (A25„)+g, (3.7) 

ri„^, = (£2£-)^r = 52fi„r + (fi2^„^)+r + {A2B^)+r. (3.8) 

Firstly, we will calculate (-B2^m)+- Now, we set Am = d^^ai + d~'^a2 + .... 
So, (-B2^m)+ = dai + 02. The identity Resg[C^, C] = yields: 

ResalBm, C] = Resgi-A^, C] = Res3[-Am, B^]. (3.9) 
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The first residue of eq.f l3.9p equals ResgCtm = 2(gr)j^, tlie last residue of 
eq.( l3.9p yields ResQ[d, d^^ai + d~'^a2 + ■■■] = aix- So, 



ai 



(3.10) 



To compute 02, we should use identity ResglC"^, C'^] = 0, considering the 
similar identity 



Reso[Bra,C^] = Resd[-Am,C^] = ReS3[-Ara,B2 



(3.11) 



The first residue of eq.f l3.1ip equals RcsqCI^ = 0, the last residue of eq.f l3.1ip 
yields Resgld"^ + iqr, d~^ai + d~^a2 + ...] = —ai^x + 2a2x- We can easily get 

a2 = ai,/2 = (gr),„. (3.12) 

Hence, 

(52^^)+ = d- 1 2(gr),„ + (gr),„. (3.13) 

About the term (^2-8™.)+, we write it as ^2-8™, — (^2-8™)-- The first term is 
relevant to tm flow. Using the identity ( 13.3 p . we can compute the second term 

(A25J_ = [{qd-'C*{r)+rd-'C*{q) + C{q)d-'r + C{r)d-'q)Br^]_ 

= qd-'BlC{T) + rd-'Bl^C{q) + C{q)d-' B*^{t) + C{T)d-' B^^^q) . 

Considering eqs.( ]3.6p . 
BlC{q) = C*B*^{q) + [B*^,C*]{q) 
= CB^{q) + [B^,C]{q) 
= ^QtJ + Ct^iq) 



= Qxt^ +r J qqt^ +q J rqt^ 

+ + rd'^qt^ + qt^d'^r + qd'^rtJiq) 

Similarly, we can get 



B*C*(r) 



rxtm + 2g / rrt^ + r / qn^ + qt,„ / r + rt,„ qr + r qt^r. 



After bringing these results into eq. fl3.7p . we get the recursion flow of q 
9im+2 — ^ 3gr + C{r)d~^q + 2g^.(9~^r — qd~^qrd~^r — rd~^qd — rd~^q^d~^r 



—2rd ^rqd ^q — rd ^q{ / rq) — qd ^q{ / r 



+ 



2qxd ^q + 3g^ — 2qd ^q^d — qd ^qd — qd ^qrd ^q — rd ^q^d ^q 



THE RECURSION OPERATOR FOR A CONSTRAINED CKP HIERARCHY 



qd / rq) — rd ^q{ / g^) + C{q)d ^q 



Similarly after bringing these results into eq.f l3.8p . we get the recursion flow 
of r 



n 



m + 2 



2rxd + 3r^ — 2rd ^r^d ^q — rd ^rd — rd ^qrd ^r — qd ^r'^d ^r 



rd / rq) — qd "^r( / r^) + C{r)d ^r 



+ 



+ 3gr + C{q)d ^r + 2rxd ^q — rd ^qrd ^q — qd ^rd — qd ^r'^d ^q 
2qd^^qrd^^r — qd^^r( / rq) — rd^^r{ / g^) 



rt . 



Then we get the recursion operator written in eq. fl3.ip . □ 
Now, let us inspect whether the results from this recursion operator are con- 
sistent with what from the eigenfunction eqs. fl2.2p . 

By a very tedious calculation, we have checked that they are consistent on the 
ts flows and ^5 flows. Of course we can generate the ti flows, tg flows etc. in 
the same way which should be also consistent with the corresponding flows 
from Sato's methods. 



Corollary 3.2. The 1- constrained CKP hierarchy Ii2.10\) can be reduced to the 
mKdV hierarchy by condition q = r. 

Proof. Let g = r, we can get 

j^'^il^ q) + 3gg + C{q)d~^q + 2qxd~^q — qd~^qqd~^q — qd~^qd — qd~^q^d~^q 



m+2 



-2qd ^qqd ^q — qd ^q{ I qq) — qd ^q{ I q 



+ 



2q^d-\ + 3g2 - 2qd^^q^d-^q - qd'^qd - qd 



-1 Q-l 



q — qd q d q 



-qd ^q{ / qq) - qd ^q{ / g^) + C{q)d ^q 



(9^ + 4gg + qd ^(-g^ - q J q'^ - q J qq) + qd ^{-q^ - Q J qq - q j 

+2(g^ + g j qq + q j q^)d~^q + (g^ + g j q^ + q j qq)d~^q + 3gg 
+2qxd^^q — qd^^qqd^^q — qd^^qd — qd^^q^d^^q 
—2qd~^qqd'^q — qd^^q{ I qq) — qd^^q{ / g^) 



qt„ 
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+ 



2g^.(9 + 3q^ — 2qd ^q^d ^q — qd ^qd — qd ^qqd ^q — qd ^q^d ^q 



-qd ^q{ J qq) - qd ^q{ J q^) + {qx + q J qq + q J q^)d ^q 
+ lOg^ + qd-\-2qx - 8g / - 8qqd'\ - 2qd) + (8g^ 



+8q / qq)d ^q 



{d^ + 8g2 + 8qxd-\)qt„ 



Then we can get the reduced recursion operator which is just the recursion 
operator for mKdV hierarchy 

= + 8q^ + 8qxd-^q. (3.14) 
The same transformation q = leads to the form of mKdV hierarchy in [21] 

R = +'^u^ +'^Uxd-^u. (3.15) 



So we can get the whole mKdV hierarchy from the trivial flow under the 
condition q = r. For example, mKdV eg. (12.1 5p and 5th order mKdV eq J2.16l 
can be got from this cCKP hierarchy. Now we will say that condition q = r 
can reduce the cCKP hierarchy to mKdV hierarchy. □ 



4. Conclusions and Discussions 

The recursion operator in eq.f l3.ip for a cCKP system was found from the 
eigenfunction equations on q and r. This operator was used to generate 
flows (eqs. fl2.12p ) and ts flows (eqs. (l2.13|) ) from the ti flows of this special 
hierarchy, which are consistent with flows got from eigenfunction eqs. (l3.6p . 
That demonstrated the validity of the recursion operator. Of course one can 
also use it to generate higher order flows. On the other hand, our results are 
more complicated than recursion operator for cKP hierarchy [9j. Moreover, we 
can also get the following reduction chain from corollary 13.21 

cKP hierarchy — ^ cCKP hierarchy ^—^ mKdV hierarchy. (4.1) 

Similarly, the KdV hierarchy will appear in the reduction of cBKP hierarchy 
[To] . As we know, the relationship of KdV hierarchy and mKdV hierarchy can 
be represented by miura transformation, but what is the similar transformation 
between cBKP hierarchy and cCKP hierarchy. In [2^, the relationship of 
KdV hierarchy and mKdV hierarchy can be seen from the decomposition of 
differential Lax operator, but whether the relationship of cBKP hierarchy and 
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cCKP hierarchy can be comprehended from the the decomposition of pseudo- 
differential Lax operator is still unknown and interesting. 
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